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What are the most important/useful tools/algorithms in mathematics?
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1 The Fundamental Theorem of Calculus:

If g(x) = [ f(x)dx then [°f(x)dx = g(b) — g(a).
2 Gaussian elimination and reduced row Echelon form
3 The Fast Fourier Transform, Cooley and Tukey, 1965.
4 Grobner bases, Buchberger, 1965.
5 ..

I'll cover 1 and 3 in MATH 801, Computer Algebra, Spring 2027

Gemini answered
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The Fast Fourier Transform, Newton's method, and the simplex algorithm.
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Let F be a field. E.g. R,C,Q, Q(«),F,.
Let F={f,fh,...,f} CF[x1,x2,...,Xn]
Let V(F)={aeF": fi(a) =0,h(a) =0,...,f(a) = 0}.

Question 1: How can we compute V(F)?
Question 2: What is the dimension of V(F)? How many variables are free?



Solving linear systems and polynomial systems

Let F be a field. E.g. R,C,Q,Q(a),F,.
Let F = {fi,f,....f} CFlx1, %, ..., x].
Let V(F)={a€F": fi(a) =0,%(a) =0,...,f(a) = 0}.

Question 1: How can we compute V(F)?
Question 2: What is the dimension of V(F)? How many variables are free?

Example 1: F = {x1 + x0 — 1,x1 + x3 — 2,x2 — x3 + 1}. Using Gaussian elimination we have

11 0|-1 10 1|-2 x=-2—x3
Abl=]1 0 1|-=2|~|01 -1| 1|={ xx=1+x
01 —-1| 1 00 0] 0 X3 =t

What if F = {x? +x +x3 —5, xpxox3 — 1, x1 +x0+ x3} ?
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Let F={f,f,...,fs} CF[x1,x2,...,Xn]
Let V = Span(fi, fp,...,f) ={> 1 cfi:c €F}. ;
Let 1 = (oo £) = (S5 Wi By € Bl ol }

V is a vector space and / is an ideal in F[xy, x2, . .., X4].



Ideals in F[xq, x2, . . . , X;]

Let F ={f,h,..., s} CF[x, x,..., %]

Let V = Span(fi, s, ..., £:) = {35, cf : ¢ € F}. ;

Let | = (A, fo,... . f) = {> iy hifi - hi € Flxq, x2, ..., Xn] }.
V is a vector space and / is an ideal in F[xy, x2, . .., X4].

Example 2: Let f = x +y?, h =xy +y.
Then s =yh +(-1)h=y3>—y € l. Also f, = y — f3 s0
I=(x+y2xy+y)=(x+y 7 +y,y> —y) = (x+y%y> —y).
fi,f2 fi,02,f fi,f3

Wesay [ = {fi,h}, Fo = {f,h,fz} and F3 = {f, i} are bases for /.
It turns out that F, and F3 are Grdbner bases (nice bases) for / but F; is not.

Proposition 1: If F ={f,f,...,f;} and G = {g1,8,...,8&:} are bases for | then
V(F) =V(G).
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Definition 1: Let M, = {x{"x3>---x" : j € Z>o}. Let X, Y, Z € M,.
A monomial ordering on M, is an order relation < such that

1 < is a total ordering, i.e.,
(i) X < YorY <X (totality)
(i) X < Y and Y < X implies X = Y (antisymmetry)
(i) X < Y and Y < Z implies X < Z (transitivity)

2 X <Y implies ZX < ZY

3 < is a well ordering



Monomial Orderings
Definition 1: Let M, = {x{'x52---x5" : &i € Z>o}. Let X, Y, Z € M,,.
A monomial ordering on M, is an order relation < such that

1 < is a total ordering, i.e.,
(i) X < Y or Y <X (totality)
(i) X < Y and Y < X implies X = Y (antisymmetry)
(i) X < Y and Y < Z implies X < Z (transitivity)

2 X <Y implies ZX < ZY

3 < is a well ordering

Lexicographical monomial ordering with x; > x; > x3.

x12x2 > X1Xo > xlxg > x23.

Graded monomial ordering with x; > x> > x3.
Sort first by total degree then break ties with lexicographical order.

x1x33 > X12X2 > X23 > X1X2.
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Definition of a Grobner basis

Definition 2: Let f € F[xy, x2, ..., x,] and < be a monomial ordering on M,,.
LT(f),LC(f), LM(f) are the leading term, leading coefficient and leading monomial of f.

Example 3: In graded lex with x; > x» > x3
For f = 2x13 + 3x%x + 4x3 + 5x1x2,, we have LM(f) = x1x3, LC(f) =2, LT(f) = 2x2x5.

Definition 3: Let F = {f;, ..., } CF[x1,x2,...,x,]. Let [ = (1, fo, ..., f).
Let LM(I) = (LM(f):f €l). The set F is a Grobner basis for / if

J:=(LM(f}) : 1 <i<s)=(LM(])).
Proposition 2: Every ideal in F[xy, xo, ..., x,] has a Grobner basis.
Example 4: f; = x + y?,, = xy + y in lex with x > y. Here

J = (LM(R), LM(R)) = (x.x9) = (x).

Butsince 5 =yh —fh=y3—y e land LM(f) = y®isnotin J, F = {f1, £} is not a GB for /.
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Division by a F, a set of polynomials

Let F={f,h,...,fs} CF[xi,x,...,x;] and let | = (A, f, ..., 1).

Fix a monomial ordering < on M,,.

Let f € F[xq, x2,...,X,]. How do we compute f =+ F?

Compute quotients g1, g», ..., gs and a remainder r such that f = g1f1 +...qsfs + r and no term in r is
divisible by any LM(f;).

Example 5: In lex with x > y.

a=y q=y>+1
@ =1 G =0
h=xy+y )xy>+x=f A=x—y Jx2+x=f
h=x—y —(xy>+y% h=xy+y —(v*—y%
X—y2 x+y3
—(x—y) —(x—-y)
-y +y=r v +y=r

Proposition 3: If G is any Grobner basis for I then the remainder r = f mod G is unique.
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Syzergy polynomials

How can we compute a Grobner basis for | = (fi,f, ..., f) ?

Definition 4: Let fi, f; € F[xq, x2,...,x,] and > be a monomial ordering on M,,. Let
L =lem(LM(f;), LM(f,). Then the Syzergy polynomial

L L
fi,fo) = f— .
S( 1 2) LT(f]_) 1 LT(f2) 2

Example 6: Let fi = x +y?, b =xy +y, L = xy.
X X
S(thh)="2hi—2h=yh—fh=y' —y
X Xy
Proposition 4: Buchberger's S-polynomial criterion
Let G ={g1,82,--.,8:} be a basis for | = (i, f,...,f).
G is a Grobner basis for | if and only if

S(gi,g) mod G =0 for all i # j.

Michael Monagan 8/10



Buchberger's Algorithm

Input F ={f,f,...,} €Flx, xa,...,X,] and < a monomial ordering on M,.
Output a Grébner basis for | = (i, f, ..., fs) w.rt. <.

1 G =F; k=1,

2 repeat the following
Set k:= k+1 and Gy := Gx_1.
Compute rjj := S(Gj, Gj) mod G for all i # j.
If any rij # 0 then Gy := G, U {r;}.

3 until G = G,_1.

4 Output Gg.

Example 4 continued: G; := {fi,} = {x+y? xy +y} Since o = S(f,,) mod G; = y3 —y we have
Gy :={h, 2} ={x+y*,xy —y,y> —y}

Gyisa GB for I. Sois G = {x+y? y3—y}.
In fact G is the unique reduced Grobner basis for /.
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Some more properties of Grobner bases

Let F={f,fy...,fs} CF[x1,x2,...,Xn]
Let | = (A, f,...,f).
Let G ={g»,4,.-.,8:} be a Grobner basis for | wrt a monomial ordering <.

Proposition 5: For F = C, |V(F)| is finite if and only if, for all 1 </ < n, 3g; € G such that
LM(g;) = x™. Moreover |V(F)| <[/, m;.

Proposition 6: (The elimination theorem). If < is lex with x; > x > - -+ > x, then
G NF[x;,...,xp] is a Grobner basis for | NF[x;, ..., x,].

Example 7: i =x+y? h=xy +y, | = (f1,h).

G={<"+y xy—y,y -y}
So I NCly] = (y3 — y) and |[V(F)| < 3.
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